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1 Introduction

We consider solutions to the incompressible Navier-Stokes equations
u + vu; + vu, + wu; + Vp = vAu, v >0,
Uy, + vy +w, =0,

on a 2x-periodic square, where u = (u,v,w) is the velocity vector, p the pressure
and v the kinematic viscosity. Solutions of the Navier-Stokes equations for small
viscosity are usually furbulent; such flows posses a lot of structure in both space
and time. The viscosity of the fluid controls the level of turbulence within a flow
by affecting the energy dissipation. As the viscosity is decreased the size of the
smallest features, or scales, diminishes. The relation between the viscosity, the
minimum scale and the total energy dissipation is of fundamental interest for the
understanding of turbulence.

The mathematical theory for the Navier-Stokes equations is not complete for
three dimensional flows: the global regularity is not known and no global bound for
the velocity gradients is available. However, both these results are known in two
space dimensions. Whether the results from two-dimensional flows are of physical
relevance is open to discussion since, in the absence of viscosity, flows in two di-
mension conserve both energy and enstrophy, while in three dimensions only the
energy is conserved. Nevertheless, results on two-dimensional turbulence may be of
significance for large scale oceanographic and atmospheric motions.

Assuming global regularity, we relate the minimum scale of the flow to I-D—ulw,
the global bound of the velocity gradients. Our main result, precisely stated in

theorem (2.1), is that the minimum scale is essentially no smaller than

Amin = Vl/z/——lp“‘mlh-

By comparison, a commonly accepted minimum scale for two dimensional flows,
Az2p, (see Lilly [19], Orszag [20]), is based on the total dissipation rate of the en-
strophy per unit volume. The enstrophy is defined as the square of the Ly-norm of

the vorticity. From dimensional arguments it follows that

Aap = v/ /g8,
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where
"= / / Eall® + 11&; | dzdy

is the total rate of enstrophy dissipation per unit volume and £ is the vorticity.
In three space dimensions the corresponding minimum scale is the Kolmogoroff
dissipation scale [15]

Asp = Vs14/€1/4,

where
e=2 [ [ [l + 11wy I1? + o P dedyds,

is the total rate of energy dissipation per unit volume.

The estimates for the minimum scale can be used to determine the decay rate
of the energy spectrum, assuming that a power law does in fact exist.

From our results in {wo dimensions we conclude that the energy spectrum,
E(k), behaves like k=% when there is 8 maximum rate of enstrophy dissipation in
the flow. The k=3 power law is in accordance with the Batchelor-Kraichnan theory
of enstrophy cascade {3] [16]. The high rate of dissipation can not remain for long
times without the flow disappearing. Indeed, numerical experiments show that the
solutions rearrange themselves into organized structures which dissipate enstrophy
at a much smaller rate. Saffman’s work [22], which predicts a power law k4,
seems to describe the behavior of the system at this later stage of evolution. Our
theory does not predict the power law but only relates it to the rate of enstrophy
dissipation; the k~* law would correspond to % of order »1/3.

In three space dimensions there is no a priori bound for Ww. However, if
we assume that

[Du] 1/2

Du|_ ~v™ /%

then when the energy dissipation rate € is of order one, we obtain the Kolmogoroff
power law, E(k) = k~%/3, and the Kolmogoroff scale Anin = Asp = /4.

Some of the first calculations on two-dimensional turbulence were performed by
Lilly {19], Fox and Orszag (9], Herring, Orseag, Kraichnan and Fox [12], Fornberg (8],

and Barker (1], among others. More recent computations on meshes of up to 1024 x
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1024 points are described in, for example, Brachet, Sulem [7], Brachet, Meneguzzi,

and Sulem [6], Herring, and McWilliams [11] and Benzi et al [4]. In some cases the 3:.::
» LS
small viscosity limit of the equations was approximated by the continuous removal »

" of the high frequency Fourier coefficients [8]. In other cases the true dissipation ety

§

A

‘ term is integrated although some extra smoothing of high frequencies is sometimes KR
1

required to suppress the growth of aliasing errors [1). Another approach is to replace S
_ the viscosity term by a super-viscosily, that is a higher power of the Laplacian "':
_» operator 7], [11]. This operator allows simulations with a formal viscosity which is e
' much smaller. The minimum scale is nevertheless comparable to the computations t 'g
" presented in this paper. ';_"s
. The numerical simulation of three dimensional flows is still limited by the "'.:':.:'::,':
:‘l power of current computing machines. Currently, the largest three dimensional :E'.:.:::,;
3 simulations seem to have been performed on 128% meshes. However, by exploiting el
_' the symmetries of the Taylor-Green problem, Brachet et al. were able to effectively ‘:':'::3?
N solve with a 2563 resolution [5]. They find the slope of the spectrum to be least .?:3:3:‘3
L steep when the rate of energy dissipation reaches a maximum. The numerical results ‘.f::'f
! seem to agree at this point with the Kolmogoroff scale. For further references on d" ]
: three dimensional computations see the review article by Hussaini and Zang {14]. : ‘,.
'. We restrict ourselves to two dimensional simulations. Our numerical approach .::‘::E:é
has been to attempt to faithfully solve the viscous Navier-Stokes equations. The i:"::z
computations were performed using the pseudo-spectral method, Kreiss and Oliger ::‘:‘;':t
(18], and Orszag [21]. There is no extra viscosity added to the numerical simulation E::EE::%
through smoothing or chopping of the high frequencies, although the fourth-order "
) predictor corrector time integrator produces a small amount of it. Numerical simu- .'

lations are used to confirm the theoretical estimates and to show that the estimates

can be achieved for certain initial conditions. Results are shown for the time de-

velopment of a flow which initially is maximal dissipative. We also show results of

forced problems. In this case there is no easy a priori bound for the maximum norm j;::
~
of the vorticity. We found numerically that the forcing should be proportional to N

+
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the viscosity in order to obtain order one velocities. More numerical work on this
subject is still necessary.

In section 2 we present the analytical results. In section 3 we present numerical
computations in two space dimensions which substantiate and illustrate various
features of the proof. Finally, in section 4 we discuss the implications of the

minimum scale result to the decay rate of the energy spectrum.

2 Analytical Results
In this section we will prove some results about the rate of decay of the Fourier

coefficients for solutions of the incompressible Navier-Stokes equations,

u, + vu, +vu, + wu, + Vp=vAu, v >0, (2.1a)

Uy, + v, +w, =0, (2.1b)

on the region 2 =: {0 < 2,y,z < 27} and for ¢t > 0. We assume that u =
(u(x,t), v(x,t), w(x,t)) is 27-periodic in x = (2, y, 2).

At t = 0 we give the initial data

u(x,0) =ue(x) , V-up=0.

/ lIodX = 0,
O

For simplicity we assume that

which implies

/ u(x,t)dx =0 , fort>0. (2.2)
n

We assume that (2.1) has a bounded solution for all times and want to show

that the smallest scale is essentially proportional to (v/[Du|_)'/?. Here

|Dul| = sup|Du|es and |Du|e = sup(|&u/Oz|,|8u/8y|,|8u/8z|).
t x

In general let
6%u

Pyg —
DPu = 8zP18yP1H2Ps’
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N denote any derivative of u of order p, where p = p; + p3 + ps. ; ‘%:
i —_— g

We are interested in the case when v < 1 and |Du|_ > const > 0. Let us ;::'!’12:'
further assume that for every natural number p there is a constant C, such that

’ the initial conditions satisfy the bounds XN

8iu &u &'u | Dul e
2(0) =: — (-, 0|2 + || —(-. 0)}I2 — (-, 0)|? 00
max H1(0) = gmax (155 (O + 1133 (. O + 153, O)F) < Gy o,

0<ji<p 0<j< vP '
) - N
(2'3) Q0

Here |f|o = sup, q [f(x)] denotes the maximum norm and a

(f,s)=_/nf's ax , |fIf = (51, *

the Ly-scalar product and norm. Then we prove W

‘7:?
-

-

Theorem (2.1): We assume (2.3) holds and develop u into a Fourier series B

|4

u(x, 1) = S a0k, e <K% K = (ky, ks, ks). A
k

- : - N -

For every natural number j and any real number a > 0 there are constants K and

K which depend on j, a and C; (1=1(j,a)), such that &

——j+1+a gy
" 2 | Du| '
i f:g Iu(k’ t), _<_ KW:TP-’,— “,(n

v

¥ ]
and it 2o
|Duly,

" 2 2
fgg [a(k, )" < KV_’W
The estimate of the theorem can be rewritten in the form :'_'.‘\5.

oar, [ () 1) S
- ""
suplia(k, ) < K D [ (DUl ) - 1L e
>0 ve

v L

—l - -

We see that the spectrum becomes vanishingly small once |k} 3> ([Du]__ /v)'/? with
l@(k,t)| decaying faster than any power of ([Du|_ /v)!/3|k|~!. It is natural to define

the minimum scale of the flow to be proportional to (v/|Du]_)"/2.
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f.: In three space dimensions there is no a priori bound for [Du|_. One can
H s
;f speculate what the right order of magnitude is. For example, if we assume that
®
': [Duf  ~v~1/2
)
;1
" we obtain a
alk.0? < K | Du|,, 3/4 k1)
. sup [i(k,¢)|* < K — = (%% [k|)™%, g
; t>0 v et
N bt
" 4
A which corresponds to the Kolmogoroff scale [19] of Apin = V34, N :;:
— oLy
' In contrast, for two space dimensions an a priori bound for |Du|_ can be ol
Y obtained. The vorticity, { = u, — va, which satisfies A
i ’;&2\‘5’-
D) A
§e + ufz + v&y = VAE, !
N
N obeys the maximum principle g
)
o !
b
4 [€loo = sup [€(x, t)| < sup |¢(x, 0)]. b
# x,¢ x
Therefore, assuming that the initial data satisfy \:,.
Rt
N,

5.’:“.;-"

(.

- an
L
) é?f

sup 1€(x,0)] <1, (2.4)

we shall prove that |Du|_ is essentially bounded independent of v, in the sense

that for every 3 > 0 there is a constant K; = K(83) such that

P X
et

P
A

Lt el Al el

|Dujo < Kqv~*.

.g;.'

s
<!
<

Thus if the initial data have derivatives of order one then the smallest scale is

g el o
P
2.7 “')“"n'i
P &S

n essentially of the order v*/2.

L}
ST

R

Our proof is also valid for Burger’s equation. In this case one can prove that

'-.':{
I'd Y

<

R

o e AT LA
[
Pl
“

| Do < const v=1sup|Du(z, 0)o.

|
U hd

»

q.{s’% 5

Thus our result predicts that the minimum scale is of order »~!. This bound can

be attained in the presence of shocks.
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2.1 Estimates for p <3
From now on we shall assume that an estimate for |Du|_ exists. Integration

by parts give us the basic energy estimate

S| = —vH,

09| b=t
Q'Q,

where

m =m0 = 2oy )2 ( b SUT L SUT R P

Since by assumption (2.3), |ju(;, 0)||2 < const , it follows
2u/ H(t)dt < |[u(-,0)||* < const and |ju(-,t)||* < |ju(-,0)||* < const . (2.6)
0

Now differentiate (2.1). For any first space derivative Du we obtain

18

5 51Dl + 1 = —v(IDu | + |1 D, I + [ Dw, |I"),

where
I = (Du, D(uu, + vu, + wu, )} = IT + I11,

I = (Du,vDu, + vDu, + wDu,),
III = (Du,Du u, + Dvu, + Dw u,).
Integration by parts and V - u = 0 shows that II = 0. Again by integration by

parts we obtain

III < const |Du|, H3.

Therefore

|| Du|* < conat |Duloo HY — v([| Dug|* + || Duy [ + || Du, |I?),

QI@

1
2

that is
18

3 Bt —H} < const |Du|H} - vH].

Integrating the last inequality with respect to t gives us,

H2(t) < H}(0) + const Wm/o H}(r)dr - 2u/o H3(r)dr.

TN A . T N NN N T L e N TN NONT S
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Therefore by (2.3) and (2.6)

| Du)| ‘
—, 2.7
- 27)

2 | Du| ® 2
Hi(t) < const - ® and v Hj(t)dt < const
)

For the second derivatives we obtain

%%IID’uII’ + 1= ~v(||D*u.|* + (| D?u, [ + [ D?w,[?),
where
I =(D*u, D*(uu, + vu, + wu,)) = IT + IIT + IV,
II =(D*u,uD*u, + vD?u, + wD?u,) =0,
111 =2(D*u, DuDu, + DvDu, + DwDu,) < const |Du|s H3,
IV =(D*u, D*u u, + D*v u, + D*w u,) < const |Du|,, H}.
Therefore,
%%H; < const |Du|H} — vH?.

Integrating the last inequality with respect to ¢ and using (2.3), (2.7) gives us

——2 —2

D ° D

H3(t) < const | uz|°° and V/ H2(t)dt < const |__“2L.3. (2.8)
v o v

For the third derivatives we obtain

1
5(D*u, DPu)e + 1= (|10, ||* + [[D%wy |I? + (| D%u,[?),

where by Leibniz’s rule

I= (D%, D*(uvu, +vu, +wu,)) = I+ II1+1V +V,

II = (D%u,uD*u, + vD’u, + wD?u,) = 0,

111 = 3 (D%, D D%u, + Dv D*u, + Dw D*u,) < const |Du|. H},

:1' ('.
2, ,

IV =3 (D*u, D*v Du, + D*v Du, + D*w Du,) < const |Du|o HyH3,

-
53
[

T
o
N

V = (D%, D% u, + D*v u, + D*w u,) < const |Du| Hj.
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Therefore il

10 e
i-o—t—H: < const |Du|(H3} + HH,) - vH, 'a‘}':

2 ot
< const |Du| H] + const lDul;-}%’- - -;—VH:, ':::":A."‘
)

thus using (2.3), (2.7) and (2.8) %,

| Du| > [Dul. e
' H2(t) < const u3°° and V/ HZ(t)dt < const us°°. (2.9) NS
d 0 v % :::

h

2.2 The estimates for general p
We now prove theorem (2.1) for arbitrary p. First we obtain energy estimates W ".h::':.

b for H, in terms of |—D"_ulw, 1 < j < max(1,[(p — 1)/3]). These estimates are used ‘::?‘k:
to obtain bounds for |D—"uL° in terms of |T)Tl—|°°. Finally improved estimates are
obtained for Hp, TDTulw and I—I_)"_u]oo using interpolation inequalities; the theorem 3-.3-,»
then follows. We start with A
Lemma (2.1): For every p there is a consiant K, such that
|(DPu,D?(vu, + vu, + wu,)| N
mex(L,{(p-1)/3]) E N

"
< K, IDUIQH: + Hp+l Z lD’ulooH’_j . N %
i=1 Ui,

-’.:‘ ]
Z' /

Here

T" = 'J
MRS
2¢
s

(2] = largest integer <z and |Diu|y, = max | D*ul.

RI=)

TR R
PR
& L

X
5 %
b

‘Jo

Proof: We need to estimate expressions of the form

3
)

7
AL

P
.’
II"

ap ay
-

(DPu, D?~*u D*u, + D%y D*u, + D?*w D*u,) for k=0,...,p-1.

o
“4%N
s

o

We integrate by parts to decrease the order of DPu. In doing this the order of

D?~*u, D?~*y and D?~*w or the order of D*u,, D*u, and D*u, will increase.

l;f 4

Iy

< 4
":".:'lt“:’
kAT ®

s

For each new term generated through integration by parts,

,-
2%
'

(D%, D%u D%u,) + (D%, D??v D%u,) + (D%, D%w D%n,), 2-.

o, W,

AL AR Y I W » [ 2 A% o
NS \S\. iy # N :,,w.
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R g
| $
:":c we can decrease the order q and increase one of g2 or gs until one of the following 3 'E:
ig8] (]
4 conditions is satisfied: : ,':;:
() J'.h
(1) g-1<gs<qandg <gq AR
*0 I‘Q \J
E, (2) g<g@2<gq+landgs<g-1 1'5;\:;
D
" Note that in case (1) if g3 = g then ":::::
¢ 1%
.l' 8950,
. (D%, D*?*uD%, + D vD%, + D?wD%,) = 0. A
oY S,::- ¢
K N
It follows that Y
. oy
N I = (DPu, D?(uvu, + vu, + wu,) ) Q‘
v ||‘;|I'|
3 can be written as a sum of terms ]
Y ]
n o
N A := (D%, D*~ %ty Di-ly, 4 D¥?P-2tly pitly, 4 PIP-tly pitly,), o

-
_’
b= -
.

-

1<2p-2¢9+1<gq,

o QR
- Ao
‘% B := (D%, D1y D¥?~ %1y 4 Dty p¥P-2a-ly, 4 DIty DIP-2-1y,), Qi
) ol
' h‘\ n
> 1<2-29-1<¢g-1, RO
C := (D%, D% Dy, + D% D** %4, + D' D**~%u,), e
N ot
' 0<2p-29<g-—2. N
: =
o Expression A: If 2p — 2g + 1 =1 then the estimate follows, otherwise integration ) .::
by parts is applied to expression A4, *
5 0
3: A = (DP" %, DP9 (DD 'u,) ) + (DP9, D?~9*! (DD u,) ) %
3 1 " 4
A +(DP~%w, D?~9+! (D%aD"'u,) ) ey
@
'j to reduce the order of the factors D¥??-29+1y D¥*-24+1y gnd P?P-29+1y, In this ,':'.3'
i A
N way we can write A as a sum of terms E_y
5 N
:'z :-.'t'h
(D%u, D?~% D% 'y, + D*~ % D% 'u, + D*" 9w D 'u,), o
4.' .\'.'.
B, > \'-'q
o where i
- NN
. P—q921, ¢ <p+1, and i +@=p+g+1. S0
,»: ‘l.;‘l N
,
% 3
L
% o
:" v&_.‘v"
. .
& e
% A
L R R A A R S L B A VR i
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Also, 1 < 2p — 2g+ 1 < g implies
1
p—g < max (1,[5(1’ - 1)]) :

The required estimates can be obtained in the following cases:
(i) f p— g = 1 then either g1 = g2 = p or one of the g; = p+ 1 and the other is
equal to p — 1.
(ii) One of the g; is equal to p + 1.
When neither (i) nor (ii) is satisfied then g < p+1 and p~¢q > 1, and we can
reduce DP9 further. This shows that A can be estimated in the desired way.
Expression B: Correspondingly, by reducing the order of D??~29"1y,, D?-2¢"1y,

and D?-29-1y,, B can be written as sum of terms
(D%u, D%y DP9 'u, 4+ D%y DP~ %" 'u, + D¥w DP~9 'u,) := 11,

where
g <ptl, q+g=p+gq+1 and p-g-120.
Also 2p - 2q < qimpliess 0 < p-g—-1< [%(p — 3)]. II can be estimated in the
following two cases:
(i) fp-g-1=0thengy =p+1,gs=p-1orq =q;=p, and
II < const |Du|oo Hpy1 Hp_y, or
II < const |Du|o H).
(il) Ifql =p+101' qz =p+1
Otherwise ¢; < p+1and p—q—1 > 0 and hence we can diminish p — ¢ —1 further.
Therefore we obtain the desired estimates for B.

Expression C: Integration by parts allows us to diminish the order of D*~27u

obtaining terms of the form
(D%*u, D%u DP9 'u, + D%y D*"9"'u, + D¥w D*" ¥ 'u,)

where

gg<p+!, q+g=p+q+1 and p-g-120

-
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Using the same argument as for B we obtain the desired estimate. This proves the

lemma.

Differentiating (2.1) p-times gives us

:, l.q_(DPu, D*u) + (D?u, D?(uu, + vu, + wu,))
“‘: 20t

= —v([| D*u, || + ||D”u, || + || DPu,|*)

Therefore we obtain from lemma (2.1)

max(1,[(p-1)/3])

8 .
4 EH: <const | |DuleHZ + Hpi1 > |Div|o Hy—j | — 2vH},,

i=1

\ 1 max(1,[(p-1)/8]))
N <const ||Du|HZ+ = |Diu|’, H: ;| ~ vH?
Py p+1

oo p—l

i=1

Using the notation
= L,= / HZ(t)dt
. 0

b the last inequality implies

u w——“r meax(1,[(p—1)/8])
HA(t) < const | == 4+ Dul L+ - >, (Dl
i=1

]

L_;]| (210)

and

max(1,[(p-1)/3])
D 1 -
l :loo LP + = Z |D?u|

v?

DT, |
y’+l

Lyy1 < const Ly_; (2.11)

i=1

To begin with let us obtain estimates for H, and Ly, for p=4,...,7. In most

S applications this is all what is needed. From our previous results we know that

! —3 .
; Du D e
4 Ly < const | J°° and L4 < const ‘ “4l°° . e

- v - v STag

Therefore (2.10) and (2.11) give us °_

v :i‘::"
2 4 —
: L — 12 Du N
- H2(t) <const (T}"i + |Du| Ls + ;|Du|°°L3) < const '—V—‘lﬂ, ,ﬁ}
* Iyl
> [Dul,, . [Dul i | {i
13 R
Ls <const U/eo + 0 Ly + —|Du|2 Ly | < const |Du % e,
vh v v? i Vs N &

......

..............
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The estimates for HZ, Lg, Hi and Ly follow in the same way.

For p = 7 we obtain

—T
. - 1—
H3(t) < const (IDu7|°° + |Du| L7 + %|Du|:°Lg + ;|D3u|:°L5) .
v

Thus we have to estimate [D?u|? . By Sobolev inequalities

consi

|DPul?, < eH2,s+ H,

€

and we obtain for e = H,/Hpys
|DPu|?, < const H,,3H,.

In particular
[Dul;,.
|D%u|%, < const HeHs < const —Tc;’—
v

Now we use the usual interpolation inequality (see for example [10})
|D’ujl, < e|DPn|%, + const eG-VIe-Nipu)?, 1<j<p
which gives us for € = (|Duj?, /| D?Pu|}, )(»-#)/(p-1)
|Diu|%, < const (|D’u|§°)("“””"”(]Dulzo)(?"')/(”’1). (2.13)

For j = 2, p = 3 we obtain
——13/4

|D*u|%, < const (|D*ul)!/?(|Dul|%)!/? < const !—:9'/%— (2.14)

Therefore
e TH1/4 ——741/4

|Du| | Du|
H2(t) < const TT/T and Lg < const ——lﬁ—r.

Using (2.14) we can in the same way estimate H2 and Hj. These estimates are
not as sharp as required by theorem (2.1). To obtain the required estimates we
have to estimate H} for general p and then improve the lower order estimates using

interpolation inequalities.

B e A R A A A A T e AT N R G A e e ]
R 2 N N A R N LS




o

[

!
'

-

‘.',)f"ff_rfr' . Wy L
EB TN I ”

-1l4-

Using (2.10) and (2.11) recursively and the estimates for H, and L4, forp < 6
we obtain

Lemma (2.2):

: 2 : 2 ra—-2h
Diru| ...|D’u| |Du
H}. <comst ) D7 vy, - | = oo Dty (2.15)
Jad

where the sum 15 over all {k, j;,p;,q;} satisfying the constraints
h k
n=p+1-) (i-1)=2k+) g,
i=1 i=0
1<ji<[p/3] v Piri=pi—jdi-1~q , O0Lq<pi—ji for i=1,...k
0<g<p+1, @a=p—~ix, PL=P—-q , k20

Note that n, = p+ 1 forp< 5.
Proof: We first obtain estiamtes for Ly, from (2.11). H},, is bounded by v times

this estimate for L,,3.

max(1,[p/3])
L,s2 < const (Dl /1**? + ([Duly /v)Lyss + -1 Dl Lysr; )

< const ( A + B + ),

.
I
-

where we have labeled the three terms on the right hand side as A, B and C. In the
recursive reduction of L,,; we must consider all possible terms which may arise;
at each new stage one must consider the effect of using expression A, B or C. In
the general case one chooses B go-times followed by term C with j§ = j;, then B
q1-times, C with j = j; and so on until finally finishing with term A or B and using
the estimates for L, with p < 6. In this fashion the general term will be

Dul® [Dil., [Dul: [Diul., [Dul-

Yo v? v v Tyt
—E
- 2 . 2 |D0|
=[Dirul, ... [Diuly, i

We define n, = 2k + 3_ ¢;. The constraints on j;, ¢; and p; follow from the manner

in which the general term was obtained.
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Now we use (2.13) to estimate [D/iuf_ in terms of [DP-'u|_ and [Du]_, :51“"
ﬂr. o
3 o et D DI - RuBt Iy g et |Du|"-u h’
HJ,,(t) < const Z |D?P-tu| &~ "7 |Dul| =~ ' __u-::___' o
Jrda !f
_s. T—l+p(Ta-38)/(p-2) Ll
———13(1- 232y |Du] ;
< const Dr-1lu ’ 2 o
- )’)ZJ. | |“ AL |_0¢!f:
Therefore by (2.2) and Sobolev inequalities Y 3,:'_
, .}.-,\;‘,.
—— 2 NaY;
|DP-tu| < const (H:H + H:_l) N
AT
< const H:H ..'
V]
———14p(rs ~3)/(p-2) BNy
———2(1- 152) [Du gty
< const max |D"1u|°£ 35 [Duly, :‘::45:‘.‘
: 5
|’t'..‘t
It follows that . )
[DFTul., < const ma [Dul;, * v
onal m — - ’
= = ﬂx u(?-z)?;‘_w :::
oy (3
One more application of the interpolation inequalities gives for 1 < j <p-1 i
-+l+ -1 - oS
[D7ul., < const max Dl o e
o S conat mAX | =N, R
N
In order to obtain our final estimate we need to show that that ¥ = min; n, PN
tends to infinity as p tends to infinity. Recall that :";\
o
k k :_"f:"
n=p+1- (i-1)=2k+) g, oSS
it i=0 W
@
1<5<p/3l, Pn=pm-ji-1-a, 0<q<pi—ji for i=1,...,k NS
54
0<q<p+l, a=p—Jr, PL=P-q , k20 'l
L%, 3 1
”
. . N
From j; < [pi/3] < pi/3 it follows that h.
2 E}-'.:'-
- .
Pi+1 2 Pi — 3Pi - 1-gq, ::’,::','::
2 PN
= (pis1 +3) > s(m +3) - qi, AN
gy
2 -1, 2
= (E+3) 23+ - ) e
i=0 ‘E\'\'
“"sc&
3,0 ]
2y
.I \
RGN
< LS
. e e e e At s
R o e e S e 0 S G e
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This last expression can be written as

(P+3) - Tise (Oa
Py +3 )

k 2 1 +1083/3 (

Since gx = px — ji > (2/3)ps we have

1 k-1
2
m =2k + E q.-22k+§m+ Z gi-
=0 1=0

Now consider the two cases
() Ti50(3/2)'a > (p+3)/2
() Tio(3/2)a < (p+3)/2
In case (i) it follows that

k-1 h-1
Y372 a > Y (3/2)q > (p+3)/2
i=0 i=0

h-1

= ) a>(2/3)* " (p +3)/2
i=0

= m > 2k +(2/3)* " '(p + 3)/2

Minimizing this last expression with respect to k (> 0) gives
% > const log(p) for some const > 0.

In case (ii) we have

p+3
k _>_ 1 +logslz(m

p+3

m) +(2/3)ps

= 1y > 2+ 2logy,(

Since 0 < py < p+ 1it follows that as a function of p,, the above expression has

the bound

> const log(p) for some const > 0.

Hence ¥ = miny n, > 8log(p) as p tends to infinity, for some constant 6§ > 0. Thus
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A Theorem (2.2): For every j > 1 and any a > 0, we can choose p sufficiently large
so thal

j+14a
—2 |Dul’
|Diua| < const _Vj_:?‘ (2.16)
where the consiant depends on p and Cp .y introduced in the estimales for the initial
conditions (2.3) .

By using (2.16) in (2.15) we obtain

- e - e -

Theorem (2.3): For every j > 1 and any a > 0, we can choose p sufficiently large
so that

——ita
H}(t) < const %, (2.17)
where the constant depends on p and Cpy, .
; Using the simple estimates for H} in terms of maximum norms gives
Theorem (2.4): For every j > 1 and any a > 0, we can choose p sufficiently large

] 80 that .
——j+1+a

u|
‘ H:(t) S const 171%10—‘. (2.18)
where the constant depends on p and Cp 4, .
Theorem (2.1) now follows from Parseval’s relation.

It may seem curious that the initial conditions satisf{y
1 "
‘ |

|oo

Du
2
HJ- (0) S const —u,:——,

while we are able to prove that (2.18) holds. However, (2.18) can be derived from
(2.17) as follows (for convenience we drop the a's) :

=/
H,-’ < const |£_u’|;.°

v
= |DPuj?, < const H”“ < const _v_;%— NG
;:‘H‘\"l

and thus using the interpolation inequality (2.13)
|Diu|?, < const (|DPul2, ) -1)/r=1)(| pujd, )r=i)(r-1)
| Duled? ;- 1y/p- -
< const (-——W—Lz—)(f D/(=1)(| pu|? )»-i)(» 1).
——j+l4ta

|Dul,,
V)'—1+G

< const

’

.1;.‘1 )
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(2.18) now follows.

2.3 Estimates for two space dimensions
In this section we obtain a sharp bound for [Du[_ for two dimensional flows.
In this case the incompressible Navier-Stokes equations can be written in vorticity

form

ft + uea + vf] = VAe ’ v>0, (219&)

T
% L}

X

Up v, =0, u, —v,=¢ (2.19b)

>
b

-t

where £ is the vorticity and u,v are the velocity components.

= 3>

2 5

A

Lemma (2.2): The solutions of (£.19) satisfy the mazimum principle

s

I£(1 t)lw < "() o)loo .

A

Xy

e "‘P

-
-
-

Proof: This well known result follows from the fact that at a local maximum
(minimum) of £, é, = §, =0 and § <0 (> 0).
We would first like to show that {Du|,, is bounded for all time. Note that our

energy estimates of the previous section are still valid if we integrate tot =T > 0
instead of integrating to t = co. For this section only, let us redefine the quantities

which depend on this bound on the time. For example we define

T
|Du|_ =sup|Dul,, and L, = / H}(t)dt.
1<T 0

We know from basic results that | Du|o. exists and is bounded for some finite time

L4

interval [0,7]. We will now derive estimates for |Du|_ which are independent of

-.‘_\s\

s’

>,

T. It follows from the results of the previous section that we can obtain estimates

Wy

[ 3 1

for all derivatives which are also independent of T. Then from well known results
we can conclude that |Du|,, exists and satisfies these same bounds for all times.

Lemma (2.3): For any a; > 0 there ezists a constant C(a,) such that

|Du,, = sup|Duw < C(ay)[(+,0)log ™ v " (2.20)
t<T

$ASL55S

I. - c . ..' - - N R L L .-' ..‘ b.‘ ..‘ l-' I.' l.' . L L
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Proof: For any 8 with 0 < 8 < 1 we define the Holder semi-norm by RN

[£x1) = Sxa)l :

x1,x3¢f} lxl - leﬂ

IDn-roo =

Using the notation W™
|D%u|o = max{|D?x|m, | D’ v]oo}

the usual Holder estimates for the solutions of Laplace’s equation (see for example

(10] ), tell us that for any B > 0 there is a constant C(3) such that

A

AR

Pk 2k BN BN S
o
s—}z?'

(3
s

|D* Pl < C(8)|¢]oo- (2.21)

Also, the convexity of Holder norms (see [13))
[D*42 £y < conat [DM2 flL | DRvea £t &

¥ kt+ta=tlki+a1)+ (1 -t)(ks+az2)>1, O0<t<1, a,a,a; >0, [y i

and Young’s inequality give us for any € > 0
. | D)oo < €]Dtt| + const € P | D' Pule. ALY

Using the Sobolev inequality (2.12) for |D?u|_ and (2.21) we obtain .

—T/2

—_ u —_—
[Du]_, < const "—;-,/l—;e‘ + conat € A|D1-Bu]_, R
, —17/2

|Dul,,

WIE

)

oS
1 ' l

< const |e€ + e'”(:'(ﬂ)l—f-lm

v

s
P X

Choosi
oosing e NS

1 A 1€l ——V >
e = CB)iEl o =773 e
Du|,, ®
gives s "_":'x
. I} i ::-. -
oo < const C(B)IEl, | C(B)I€l, _D_],/, ;.-;',..-\
- :

o0
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Thus
S . \1/(1-58/2) _ _
[Dul,, < const (C(B)IE]..) y~T81(-58)

and the lemma follows since [€]_ < [¢(-, 0)]co-
In two space dimensions estimates on the vorticity appear more naturally. In
[17] we proved the results of theorem (2.1) in the two-dimensional case using the

vorticity formulation of the equations. In that paper the quantities

\
[}
N " b*¢ 5 ,O%E
; Jo(t) = Ilgz—,ll + Il-a—y;ll (2.22)
§

take the place of the HZ. The estimate corresponding to (2.18) is
2
;: I—ll—|1+2+a

2

! J2(t) < const H},(t) < conat —V’%a—. (2.23)
L)

We refer to the J, in the section on numerical results.
.
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! 3 Numerical Results ";ﬁ'
. .'
0:: We first describe the procedure we use to aumerically solve the two-dimensional :., \
K Navier-Stokes equations. In brief, we discretize in space using the Fourier (pseudo- ,? 1
| N
:’ spectral) method and solve in time using a fourth order predictor-corrector method. & :
" ;
: The equations are solved in Fourier space and the diffusion term vAw is treated in :E
I’ .-‘
a fully implicit manner. We now proceed to present more details. ;
‘ N
- We solve the two-dimensional incompressible Navier-Stokes equations in the :":,-
) vorticity stream function formulation: ;: 3
ol
b + (u6)e + (v€), = vAE+f (3.1a) '
- Yt
> Av =€ (u,9)=(,—¥a). (3.1b) fu
Ll
) '.!'.:ﬁ
L The computational domain is taken to be a 2x periodic square. The solution is u..
o represented as a truncated Fourier series with w denoting the discrete approximation o d
. . ' {
: to £ and w denoting the discrete Fourier transform of w: ¢ ::
») W) t
iN -1 3Na-1 X v
w(z,y,t) = Z Z &(k1,kz,t)c'(k"+h')- i
e —iN+1 —3Ny41 s
: S
- - : - : : )
| Similarly the Fourier transform of ¢ and f are denoted by ¥ and f respectively. 2y
The equation for the Feurier coefficient &(k;, ka,t) is i 9
: R
X G + ik, (D) + iky(70) = —v(k? + k3)a + f (3.2a) ::j;;:
A . Sae)
p (2 + k)W =0 (3.2b) S
[ 4
L8 S ]
N The convolutions #& and 7@ (i.e. the Fourier transforms of the products uw and vw) )
>, y \_ .
s are computed from 4, ¥ and @ by transforming to real space, forming the products ;.\::.".‘:
~N
3 and then transforming back to Fourier space, (pseudo-spectral method). It is not ¥
_: hard to see that the computation of &, can be done with five two-dimensional fast ::'{-r..
., g
- Fourier transforms (FFT’s). In fact, only four FFT’s are needed since one can write NN
-'._I
. (reference Basdevant [2]) " "'f-"'
o
K, 2 2 Q,} F.
. Vewy — Yywo = ((¥a)* - (1(’1) )-1 - [('/’ﬂl’r Jee — (¢-¢1 )n]- ;\i;.\
N
A >
; BN
B {]
L
'y s
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However, in the calculations presented here the less efficient method was used.

The equations (3.2) can be written in the form of a large system of ordinary
differential equations:
dy

S =F(3,1) (33)

where y is the vector with components &(ky, k;).
Time stepping is performed using a predictor-corrector applied directly to equa-
tion (3.3). Let y, denote the approximation to y(nAt) and F, = F(y,,nAt). We

use the fourth order Adams predictor-corrector scheme given by

At
Yp=Yn+ E(Z"F" —16F,_; + 5F,_,) (3.4a)

Yni1 =Ya + %(91‘, + 19F, — 5F,_; + F,_3). (3.4b)

Here y, is the result of the Adams-Bashforth predictor, F, = F(y,,(n + 1)At)
and y,;; is the corrected value obtained fro:n approximating the implicit Adams-
Moulton scheme. A single time step thus requires two evaluations of the right hand
side F. The classical fourth order Runge-Kutta method is used to obtain starting
values for (3.4). These are required initially and whenever the time step is changed.
For stability reasons one may want to integrate the diffusion term, vAw, in an
implicit manner. In the Fourier representation this term is very simple and thus can

be easily treated in a fully implicit and accurate manner. We write the equations

(3.3) in the following way

d .
d_{ = G(y,) - Ay A= diag(...,v(k? + k2),...).
where the right hand side F has been split with A the diagonal matrix corresponding

to the diffusion term. This last equation can be written in the form

2(eMy) = eMG.

Now apply the time stepping procedure (3.4) to this equation viewed in terms of the
new dependent variable eA'y. After division by eA! the predictor-corrector scheme

which results is
At
Y, = e Ay, + ﬁ(zae—“‘cn —16e” 4G, _; + 5¢7344!'G,_,)  (3.5a)

At
Yas1 = e My 4 229G, + 19¢~42¢G,, - 5¢7 218G, _, + e 342G, _,).(3.5b)
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: The Runge-Kutta scheme is transformed in a similar fashion. The terms e~*(ki+43)at ..,,Jt :
' are stored and need only be recalculated when At changes. These resulting schemes Lt
®
E are exact in the absence of the convection terms (G = 0). Ry
. . . ors . . : R
) The variable time step is chosen by stability and accuracy considerations with ' ":
o
: At chosen to satisfy the condition Ayt \
Y
At - ._ .
: CFLnin < (lu!oo + |v|°°)—il_ < CFLmax (3'6) .'..‘::
i- N »
s YN
where h = 2/N, (N = max(Ny, N;)). The stability region of the explicit predictor- ~_'-f:‘-
DD
‘ corrector method (3.4) is shown in figure 1. : _"
o
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Figure 1 Stability region for the predictor-corrector scheme.

When (3.4) is applied to the model problem y' = Ay, the time step is restricted
by (approximately) |A|At < 1.2 if A is purely imaginary and by —AAt < 1.9if Ais

real. One expects the implicit predictor-corrector scheme (3.5) to have better sta-

bility properties than the explicit one (3.4). CFLpin and CFLp,, are the minimum

<
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and maximum allowable values for the Courant-Friedrichs-Lewy number:
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CFL,.x would be taken less than the stability limit for the model problem. (The
choice of k in our definition of CFL instead of the true h = 27 /N means that we can
compare CFL directly to the normal stability limit for the model problem.) When

the condition (3.6) is violated the new time step is chosen so that

At
(Iuloo + |v]oo)7;_ = CFLopt-

3.1 Verification of the Numerical Approximation

In this section we present results which illustrate the accuracy of the numerical
approximation that we use. In test 1 we show that the time stepping procedure
is accurate to fourth order in Af. In test 2 we consider the convergence of the

numerical solution as the number of modes is increased.

Test 1: Accuracy of the time stepping procedure

It is easy enough to choose the forcing f in the Navier-Stokes equations (3.1)
so that the true solution is known to be some given function. Numerous tests of this
kind were performed. In all cases the numerical solutions converged to the exact
solutions at a rate very close to fourth order in the time step At.

As a more realistic study of the convergence of the time stepping routine we

L4
1‘: ;

consider a sequence of calculations with fixed random initial data and decreasing

A% S
‘!I
AL 4

time steps. The initial conditions are identical with those used in section (3.2) for

'

PR AER Y,
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the decay of random initial data. Keeping the same initial conditions, and with

°

[

N; = N, = 128, v = 107 %, the equations were solved with three different (fixed)

g
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v
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time steps: At = .05, At = .025 and At = .0125. The computed maximum value

I'.I{

for the CFL number in each run was 1.2, .6 and .3, respectively. (Recall that the
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stability limit for the explicit version of the predictor-corrector scheme is about 1.2
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on the imaginary axis. We were able to obtain good results for values of the CFL

number as large as 1.5, which substantiates the belief that the implicit predictor-
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corrector scheme has better stability properties.) We use the results from the three
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the actual error. We measure both the discrete maximum error and the [ error

defined by

9 2)

|w|e = max |w(z;,y;)] and |w|}:=

1
MR 2

(IR T]

|U(2.‘,yj)‘2-
)

By assuming that the computed solution is converging to the true solution as O(At?)

we can determine approximate values for p and the errors

Eco(t1 At) = Iwcomputed('yt; At) - wtrue('at; At)loo - O(Atp)’

EZ(t7 At) = lweomputed('1t; At) - wtrue('yt; At)lz = O(Atp)

These values are given in table I for the maximum norm errors and in table II for

the I; errors.

|t Eo(At = .05) | Eo(At=.025) | Eo(At=.0125) | p
10. 0.68 x 10~2 0.47 x 103 0.32 x 104 3.9
20. 0.27 x 10~2 0.18 x 10°3 0.13 x 10~ 3.9
30. 0.97 x 10~3 0.69 x 1071 0.49 x 108 3.8
40. 0.69 x 10~3 0.47 x 101 0.32 x 10~° 3.9
50. 0.48 x 10~3 0.31 x 10~ 0.20 x 10-% 4.0

Table II - Estimated maximum errors and convergence rate: O(At”)

t Ey(At = .05) E2(At = .025) E,(At = .0125) P

10. 0.40 x 10°3 0.29 x 10~¢ 0.21 x 10-5 3.8
20. 0.17 x 10~3 0.12 x 10~¢ 0.86 x 10~° 3.8
30. 0.73 x 10~¢ 0.50 x 10~5 0.34 x 10°° 3.9
40. 0.56 x 1074 0.37 x 10°% 0.24 x 10~¢ 3.9
50. 0.48 x 10~* 0.31 x 10°5 0.20 x 10~ 4.0

Test 2: Convergence for random initial data

Table II - Estimated I, errors and convergence rate: O(At?)

We consider the computation which is described in section (3.2) under the

heading of Run 1: Decay of Random Initial Data. This computation was run with
N = N, = N; = 128 (w128) and also with N = 256 (wz5e). The initial conditions for
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s st
;.::‘. the two runs were the same to single precision (about 6 — 7 decimal digits), although .:"'
R the actual computations were done in double precision. The variable time step was (
';:;‘0 determined by the parameters (CFL nin, CFLopt, CFLpax) = (.8,1.,1.2) In table II &i-"
:i‘: we indicate the maximum difference and the l; difference between the two runs at :EE:
L:. ¥ various times. Due to the variable time step the solutions were not compared at ".r
. exactly the same times. The difference between the times is given in the table as T
’:: 258 — t128. Note that the maximum difference between the two solutions occurs at :\{E
:; smaller times. Later on when the solution becomes smoother the errors are smaller. :_-\,_

Further details of this run can be found in the next section.

(X
et (
:E: t [wase|oo [w3se — wi2s|oo lwage — wissl2 t256 — t128 X
y
N 0. 1.00 .10 x 1078 .38 x 10~ 0.0 oy
NS 10. 75 .55 x 10-1 45 x 1072 +.42 x 1075 L'
20. .67 .20 x 10! .29 x 1072 —-.21x 1073 9
s 30. .60 15 x 10-1 21 x 1072 +.23 x 10°3 N
A 40. .59 10 x 1071 73 x 1073 +.18 x 10~* -
oy 50. .58 73 x 1072 .58 x 1073 +.23 x 1074 I
N 60. 57 43 x 10~2 .88 x 10~3 —.19 x 10~3 )
70. .56 .51 x 10-? .88 x 1073 +.25 x 10~3 )
- 80. 56 26 x 10~2 .38 x 10~3 +.37x 1074 ot
A 90. .56 27 x 1072 .36 x 1073 +.12x 107* 7
b 100. .55 .31 x 10~? 37 x10°% —-.62x 10~* o
. A,
- :'E 4
" Table II - Convergence of random initial data v = 1074 :‘2
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3.2 Computational Results
In this section we present the results of four different runs:
(1) Run I: Decay of random initial data, v = 1074, N = 256 and N = 128.
(2) Run II: Decay of random initial data, » = 10-%, N = 512,
(3) Run III: Decay of smooth random initial data, v = 2 x 10-%, N = 256.
(4) Run IV: Random forcing, v = .5 x 1073, v = .§ x 10~*.

Run I: Decay of random initial data, v = 104, N=256 and N=128.
For the first run we consider the time evolution of the Navier-Stokes equations

for random initial data. The initial conditions for the vorticity were chosen so that

|&(ky, Rea)| = ke = |(ky, k),

C
(k+ (Vvk)*)’
with a random phase. (Actually the initial spectrum was set to gzero for all wave
numbers above some large value of k.) The constant C was determined by nor-
malizing the maximum value of the vorticity to be 1 at t = 0, |w(-,+,0)|ec = 1.
The value of the viscosity was taken as v = 10~* and the number of modes was
N, = N; = 256. We show
1) contour plots of the vorticity (figure 2 ). Dashed lines indicate negative contour
values.
2) surface plots of &(k;,k3) in the cosine-sine representation. The discrete Fourier
series for & is actually represented in the computer code as a real series in
cosines and sines. The surface plot shows the magnitude of the coefficients of

this series. The coefficients are ordered in the following manner:

€161 €18 CiC2 Ci183 CiCs
§1C1 818, 0,Cx 818 8,C3
C3C; C28) CC2 C383 CiCs
82C1 8287 #82C3 #3283 83C ...\
CsC1 Cs#;1 CsCy Cs8; CsCy

[ : : : o]

where cxc; is the coefficient of cos(kz) cos(ly), cx#; the coefficient of cos(kz) sin(ly).

and so on. The lowest frequency modes are located at the fop of the surface

plot (figure 3 ). Only the first 128 modes are shown in the surface plots.
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3) plots of the energy, enstrophy, J;, Jz2, Js as a function of time, and the decay
of the vorticity spectrum as a function of k. In figure 4 a we plot the square

root of the total energy
(1/2(11wll? + llol1*)*/2,

the square root of the enstrophy

[l

and

v 23(t) = w12 ([l + lwy II7)1?

as functions of time. In figure 4 b we plot the normalized versions of v'/2Jy(t),

v?/2J,(t) and v3/2Js(t). Recall that
i 43 7§
J2 — | > 2 s Z'
JO =g+ 15

In each case the functions plotted are scaled so their maximum value is 1. This
maximum value is indicated on the plot as the value of Scale. In figure 4 c some
selected Fourier coefficients are plotted as functions of time. Finally in figure
4 d we show log-log plots of &(k) versus k. The quantity w(k), k = 1,2,...
is defined to be the average value of |&(I;,1;)| over all wave vectors (I;,1;) for

which k is the closest integer to I = |({1,12)[:

o= ¥ wwa)( ¥ 1)
l-hj<1/2 l-k|<1/2
We plot log;o(@(k)) versus log,o(k) for different times. Lines with slopes —1
and —2 are also marked. Note that if &(k) ~ k== then E(k) ~ k-1,

For comparison, in figures 5 - 6 , we show the results of the same run when only
half as many modes were used, N = 128. Essentially the only noticeable difference
is in the plot of the spectral decay. A quantitative comparison of the 256 and 128

runs was given in section (3.1).

Run II: Decay of random initial data, v = 105, N = 512.

TR AT A " - Lt A
DA, ) \*\'f.' \a'\}‘- ) \'\- -(\’.a .

) . LA

N e M S et N AT AL S e
A I AR NN N AN

¢t 7]
’ ”". l" ',1. s
A &N

'\-'-;-'. v %
"‘l

L s
\}';.‘r

VA
s

X
L

.
]

"’
»

Wele'
. 2 &
AP

1]
Wy
v

: xx

S Y

ARIIAARS
3 %

L
b

A
e/

"’5."

n vy
o
ey, s:\ £
'\r'

&>
[d

%
P

l@ ~<x.v,

.. -l.

"sf.'f -
»

&

5 s‘: =

LAY h Y

yy

’




ot
o
" -29- o
: SN
; The value of v is taken as 10~%. The initial conditions are the same as Run I. ::: )»'
K SN
' The number of modes was Ny = N; = 512. The results are shown in figures 7 - ;’::‘_:
‘ 8 . Note that for technical reasons the contour plots were made by projecting the -»
) .*‘
solution to a 256 x 256 grid. It is interesting to compare this run (v = 10~%) to the !‘ :'
previous run (v = 1074). o h
4 Wy
Run III: Decay of smooth random initial data, v = 2 x 1075, o
\ 2 J'n
In this run we begin with initial data which is much smoother than in the 3.‘_’,:
NI
previous runs. The initial vorticity spectrum is chosen so that S
*‘ ()
. ok, ka)] = Che 3O/ hy = 3.5 b
",
X3
] with random phase. The constant C is chosen so that |w(:, -, 0)|cc = 1. The viscosity :" .‘.:',:
o (A}
was 2 x 107 % and the number of modes was N = 256. These initial conditions are “Ji‘.ﬁ'i- )
similar to those used by Brachet and Sulem [7]. We have run for longer times than :'\55,(;
' the results shown in [7]. Plots for this run are given in figures 9 - 10 . E;E__
; N
Run IV: Random forcing. r;;:-
- fs..
In this run we consider the problem when the equations are forced in a range of .E:::':.
W
low Fourier modes. For the forced problem there appears to be no easy way to obtain :\.,:;",
. g".r\..s
a sharp bound on the maximum of the vorticity. We have found experimentally that _
; 2ot Y
when the forcing is chosen to be O(1) the solution grows and does not remain O(1). ;',:"\"
A
- . . . 3 w B
For example in figure 11 we show the results of a run in which the forcing f is M
TN
chosen so that |f|oc = 1 and in which the initial vorticity is gero. In particular the '{":“
amplitudes and phases of the the fourier components of the forcing were chosen as 'f’,'vﬁ:
R
[€1€1 €187 C1C3 C182 C1C3 C183] F+12 -4 -16 +4 420 -127 :E::f:::
81Cy 8187 81C3 8183 81Cs 8183 +8 -24 -20 +12 428 +4 '.:-",:::l'_'-
€31 €81 €3¢3 €03 €y cads| _ +12 -8 +32 +24 +8 +36 '""2.'
#3C, #8381 #3C3 8383 e3cs exes | ' -12 +12 +4 +32 -4 -16 :.r:.'_:
C3C; €387 C3C3 C383 C3Cs Csds -4 -36 -—-16 —-36 -24 +4 \::'.\
| s3c; #38; 83c2 8383 83Ccs 838yl | -20 -20 -36 +8 -—28 +12. -.::\::\.
RSN
S
)
. n
R
X .::ﬁ
.‘a..‘
AN
~R
A e S A D N N AN N A N ML N Y NN N
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where the scaling factor C, was chosen to ensure that |flo = 1. In this run
v =10"% N; = N; = 256 and (CFLpmin, CFLopt, CFLmax) = (.5,.8,1.). In figure

11 b we have made plots of the maximum norms

MAX(U) = mu(lu(': "y t)'oo ) |v('1 i) t)lw)

8u Hv 8v
a_y(s 1t)|oos l—(v y t)|°o’ |5_(v $t)|°°)1

8u
MAX(DU) = max(la—z(','ot)'oovl Sz y

and

Even by time ¢ = 200 the solution continues to grow.

In contrast when the forcing is chosen to be O(v) we do not see growth in the
|@(, *,¢)|ec - This observation is presented in figures 12 - 13 where we have made
runs with v = .5 x 1073 (N = 128) and v = .5 x 107* (N = 256). The initial
conditions for |&| were defined by the matrix of coefficients given above but in this
case the constant C, was chosen so that (w(:,,0)[{c = 1. The forcing was constant

in time and defined from the relation

vAw+ f = 0.

4 Discussion

We have shown that for both two and three dimensional flows the minimum
scale, A,in, is essentially proportional to ul/’/l_DTlmlu. We now relate this
minimum scale to the decay rate of the energy spectrum.

Let us assume that at a given time 1 the energy spectrum has a power law

behavior in some range of wave numbers, the inertial range,
E(k) ~ k™%, by = O(1) <k < O(1/Amin).

We have proved that the quantities

i 2 -1 8%u . ,0%u , O8Pu 2)
o T = (13O + U 3em (17 + 15 o0
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W,
1 P
¢ remain of order one, provided they are initially so. When this order one bound is f.%» B
J )
achieved we call the flow mazimal dissipative. Note that 2vH? is the rate of energy u‘,
dissipation, ¢, and that the rate of enstrophy dissipation 5 is bounded by vH3. A
p
b Assuming that the leading order contribution to the integral for H2(t) is deter- " :5'.‘
mined from wave numbers in the inertial range and using the power law behavior !j.?"::;:?
' .I‘
for E(k) we obtain
p '-J\'A-
. — —8-1/2 Sy
: p—-1 v’—l 1/Amin Du N
, Y __mu~ L k*® E(k)dk ~ Dul, ]
pt1 7P ptl y—8+3/2 RS
{ |Du|oo IDquo 1 _;c;:;.f
L —_— : @
In two space dimensions we know that |Du|_ is essentially bounded by the LR
d h g
s maximum norm of the initial vorticity. Let us thus assume that the initial values t::::l‘.'(‘llg
— )
are scaled so that |Du|_ is of order one. In this case ",‘. ':":
sty
% VP _ A
{ s Hp (1) ~ P32, (4.1) X .‘:.'m:
5 [Dul,, e
.'.
! and for maximal dissipative flows it follows that E(k) ~ k=3, the power law behavior \.}
predicted by the Batchelor-Kraichnan theory [3][16]. n _,._3_‘
. '-J'_:~'
In three dimensions if we speculate that [Du|_ = O(v~7), then ;:"-;'_;
AN
l'\-‘ "
vr-? H2 ~ (B+1/2)48-3/2 N,
p+1°°pP : -
| Dul R
bt
In this way for maximal dissipative flows, we obtain a relation between the power :::‘E_\-
— S
law behaviour of the energy spectrum and the size of [Du|_: &"vﬂ- :
3 - 7 " ‘i
A= 2+ 24 E'.;:t'_*
! RN
- Wi
When [Duf_ = O(v~"/2), and 7 = 1/2, we obtain 8 = 5/6 and E(k) = k=5/3, the ._:'.*;3"
power law behavior predicted by Kolmogoroff [15]. -r\..:
LY \J
We now return to the numerical results of the random initial data runs, refer- '& ':fO‘
ence figures 2-4 and 7- 8. Theinitial conditions were chosen so that E(k) ~ k3. i
J P
The numerical results show that this k~3 power law seems to remain over an initial N
time interval. The numerical results further indicate that as the flow evolves, the :‘;\&
[ ’ /
t: %
%
R
L J
PRGNS
RN
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- 7 1 . DUAEN
quantities v”J7, which behave like v” H,, 1, slowly decrase and the energy spectrum :\'nfrg
")
steepens. In a later regime the flow is dominated by the presence of large regions ‘::-:: N
ST
of relatively constant vorticity. There seems to be some evidence from the figures -2
to suggest that the quantities J3 decay by a factor of about Apmin = v'/2 and that ~ A
£(k) ~ k=15 E(k) ~k~*. When ~ ‘:ﬁ«
A
Pl (1 12
p+1 P( ) ~V ]
|Du|

the argument in (4.1) predicts 8 = 2, and is thus consistent with the numerical
results. These results are in agreement with Saffman’s theory for two dimensional
turbulence [22].

In figure 1 we outline an hypothesized behaviour of v?J2(t) for the decay of

two-dimensional turbulence. In the first stage of development of the flow, V”J: may

show an overall increase as the flow evolves to a state of maximal dissipation. (Of N
course, depending on the initial data, this maximal dissipative state may never be 5:5\: 0‘.::
reached.) This dissipation rate can not continue for a long time interval but must f
ARG
decrease. The power law then slowly changes from k=3 t{o & more rapid decay. The L
VAN
flow becomes organized into coherent structures, a regime with »?J? ~ vt/ (7) ';:j'.-.;
OND
and where Saffman’s theory would predict E(k) ~ k~*. This regime presumably :-::‘_:"‘
\-.\'
exists for long times, since the viscosity now plays a minimal role. This scenario is PR,

<7
7%

suggested by our computations and other similar ones. In particular, Brachet and

"‘*-‘ ,
Sulem (7] show high resolution computation with initial data ::’_:' '.
'—\‘_::::".»
E(k) ~ cke‘("/"°)’, e

N

similar to the one presented in this paper (reference figures 9 - 10 ). They found an "'":_
.':-."-\

increase in the energy power law reaching a maximum at about k~3. At this stage R
Aty

the rate of enstrophy dissipation is maximum, in accordance with our analytical 2
o~

results. \\ .
It is conceivable that a similar scenario is present in the decay of three dimen- ::'_::'."_:'

i\ - L]

sional turbulence. In two dimensions when large coherent structures are formed

'f".
.

the main contribution to H?(t) comes from one dimensional layers separating these ::&,. :

R R L R A T A A YR Ny e T Lt N N N e T e T L e L N ot e e N N AN R N N N, NN, N N LA N
R MNIEN D) N AN A A N N NN N N DT AT N NN
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structures. When the solutions across the layers have a simple structure, one can

argue that that

”,_1 ul/!
Y Ht) ~ Amin ~ .
— p+1lp 172
(Du], {Du|,

Correspondingly, in three dimensions the same argument can be made assuming that
the regions of rapid variation are concentrated along two dimensional structures of
width A ;n. Thus in either case we obtain a new relation between the power law

behaviour of the energy spectrum and the size of |Du|_ = O(v™7):

In two dimensions v = 0 and we again obtain E(k) ~ k~*. If, in three dimensions
|Dul_ ~ v'/2, we obtain E(k) ~ k~%/3. Large three dimensional simulations are
necessary to confirm the validity of the assumption made on the size of |Du|_, on

the time evolution of H2(t) and the sharpness of our estimates.
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Figure 11 Random Forcing, |fie =1, v =107, N =128
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